
May 2001 / Vol. 51 No. 5 • BioScience 341

Articles

As the need grows for conceptualization,
form a l i z a ti on , and abstracti on in bi o l ogy, so too does math-
em a ti c s’ rel eva n ce  to the field (Fa gers tröm et al. 1 9 9 6 ) . Ma t h-
em a tics is parti c u l a rly important for analyzing and ch a rac-
terizing ra n dom va ri a ti on of , for ex a m p l e ,s i ze and wei ght of
i n d ivi duals in pop u l a ti on s ,t h eir sen s i tivi ty to ch em i c a l s ,a n d
ti m e - to - event cases, su ch as the amount of time an indivi d-
ual needs to recover from ill n e s s . The frequ ency distri buti on
of su ch data is a major factor determining the type of s t a ti s-
tical analysis that can be va l i dly carri ed out on any data set .
Ma ny wi dely used stati s tical met h od s , su ch as A N OVA (analy-
sis of va ri a n ce) and regre s s i on analys i s , requ i re that the data
be norm a lly distri buted , but on ly ra rely is the frequ ency dis-
tri buti on of data te s ted wh en these tech n i ques are used .

The Gaussian (normal) distri buti on is most of ten assu m ed
to de s c ri be the ra n dom va ri a ti on that occ u rs in the data from
m a ny scien tific disciplines; the well - k n own bell - s h a ped curve
can easily be ch a racteri zed and de s c ri bed by two va lu e s :t h e
a ri t h m etic mean ̄x and the standard devi a ti on s, so that data
s ets are com m on ly de s c ri bed by the ex pre s s i on x̄ ± s. A his-
torical example of a normal distri buti on is that of chest mea-
su rem ents of S co t tish soldiers made by Quetel et , Bel gi a n
fo u n der of m odern social stati s tics (Swoboda 1974). In ad-
d i ti on , su ch dispara te ph en om ena as milk produ cti on by
cows and ra n dom devi a ti ons from target va lues in indu s tri a l
processes fit a normal distri buti on .

However, m a ny measu rem ents show a more or less skewed
d i s tri buti on . Skewed distri buti ons are parti c u l a rly com m on
wh en mean va lues are low, va ri a n ces large , and va lues cannot
be nega tive , as is the case, for ex a m p l e , with species abu n d a n ce ,
l engths of l a tent peri ods of i n fectious diseases, and distri bu-
ti on of m i n eral re s o u rces in the Eart h’s cru s t . Su ch skewed dis-
tri buti ons of ten cl o s ely fit the log - n ormal distri buti on (Ai tch i-
s on and Brown 1957, Crow and Shimizu 1988, Lee 1992,
Jo h n s on et al. 1 9 9 4 , Sachs 1997). Examples fitting the norm a l
d i s tri buti on , wh i ch is sym m etri c a l , and the log -
n ormal distri buti on , wh i ch is skewed , a re given in Figure 1.
No te that body hei ght fits both distri buti on s .

O f ten , bi o l ogical mechanisms indu ce log - n ormal distri b-
uti ons (Koch 1966), as wh en , for instance , ex pon en tial growt h

is com bi n ed with furt h er sym m etrical va ri a ti on : With a mean
con cen tra ti on of ,s ay, 1 06 b acteri a , one cell divi s i on more —
or less—wi ll lead to 2 × 1 06— or 5 × 1 05— cell s . Thu s , the ra n ge
wi ll be asym m etri c a l — to be prec i s e , mu l ti p l i ed or divi ded by
2 around the mean. The skewed size distri buti on may be
why “excepti on a lly ” big fruit are reported in journals year af-
ter year in autu m n . Su ch excepti on s ,h owever, m ay well be the
ru l e : In h eri t a n ce of f ruit and flower size has long been known
to fit the log - n ormal distri buti on (Groth 1914, Powers 1936,
Sinnot 1937).

What is the difference between normal and log-normal
variability? Both forms of variability are based on a variety
of forces acting indepen den t ly of one another. A major 
difference, however, is that the effects can be additive or
mu l ti p l i c a tive , t hus leading to normal or log - n ormal 
distributions, respectively.
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Some basic principles of ad d i tive and mu l ti p l i c a tive
ef fects can easily be dem on s tra ted with the help of t wo
ord i n a ry dice with sides nu m bered from 1 to 6. Adding the
t wo nu m bers , wh i ch is the principle of most ga m e s ,l e ads to
va lues from 2 to 12, with a mean of 7 , and a sym m etri c a l
f requ ency distri buti on . The total ra n ge can be de s c ri bed as
7 plus or minus 5 (that is, 7 ± 5) wh ere , in this case, 5 is not
the standard devi a ti on . Mu l ti p lying the two nu m bers ,h ow-
ever, l e ads to va lues bet ween 1 and 36 with a high ly skewed
d i s tri buti on . The total va ri a bi l i ty can be de s c ri bed as 6 mu l-
ti p l i ed or divi ded by 6 (or 6 ×/ 6 ) . In this case, the sym m e-
try has moved to the mu l ti p l i c a tive level .

Al t h o u gh these examples are nei t h er normal nor log-
n ormal distri buti on s , t h ey do cl e a rly indicate that ad d i tive
and mu l ti p l i c a tive ef fects give rise to different distri buti on s .
Thu s , we cannot de s c ri be both types of d i s tri buti on in the
same way. Un fortu n a tely, h owever, com m on bel i ef has it
that qu a n ti t a tive va ri a bi l i ty is gen era lly bell shaped and
s ym m etri c a l . The current practi ce in scien ce is to use sym-
m etrical bars in gra phs to indicate standard devi a ti ons or
errors , and the sign ± to su m m a ri ze data, even though the
data or the underlying principles may su ggest skewed dis-
tri buti ons (Factor et al. 2 0 0 0 , Keesing 2000, Le Naour et al.
2 0 0 0 , Rh ew et al. 2 0 0 0 ) . In a nu m ber of cases the va ri a bi l i-
ty is cl e a rly asym m etrical because su btracting three stan-
d a rd devi a ti ons from the mean produ ces nega tive va lu e s ,a s
in the example 100 ± 50. Moreover, the example of the dice
s h ows that the establ i s h ed way to ch a racteri ze sym m etri c a l ,
ad d i tive va ri a bi l i ty with the sign ± (plus or minus) has its
equ iva l ent in the handy sign ×/ (times or divi ded by ) , wh i ch
wi ll be discussed furt h er bel ow.

Log - n ormal distri buti ons are usu a lly ch a racteri zed in
terms of the log - tra n s form ed va ri a bl e , using as para m eters
the ex pected va lu e , or mean, of its distri buti on , and the
s t a n d a rd devi a ti on . This ch a racteri z a ti on can be adva n t a-

geous as, by def i n i ti on , l og - n ormal distri bu-
ti ons are sym m etrical again at the log level .

Un fortu n a tely, the wi de s pre ad avers i on to
s t a ti s tics becomes even more pron o u n ced as
s oon as loga rithms are invo lved . This may be
the major re a s on that log - n ormal distri bu-
ti ons are so little unders tood in gen era l ,
wh i ch leads to frequ ent misu n ders t a n d i n gs
and errors . P l o t ting the data can hel p, but
gra phs are difficult to com mu n i c a te ora lly. In
s h ort , c u rrent ways of h a n dling log - n orm a l
d i s tri buti ons are of ten unwi el dy.

To get an idea of a sample, most people
prefer to think in terms of the original
rather than the log-transformed data. This
conception is indeed feasible and advisable
for log-normal data, too, because the famil-
iar properties of the normal distribution
have their analogies in the log-normal dis-
tribution. To improve comprehension of
l og - n ormal distri buti on s , to en co u ra ge

their proper use, and to show their importance in life, we
present a novel physical model for generating log-normal
distributions, thus filling a 100-year-old gap. We also
demonstrate the evolution and use of parameters allowing
ch a racteri z a ti on of the data at the ori ginal scale.
Moreover, we compare log-normal distributions from a
variety of branches of science to elucidate patterns of vari-
ability, thereby reemphasizing the importance of log-
normal distributions in life.

A physical mod el dem o n s tra ting the
genesis ofl og - n o rmal distri bu ti o n s
Th ere was re a s on for Galton (1889) to complain abo ut co l-
leagues who were intere s ted on ly in avera ges and ign ored ra n-
dom va ri a bi l i ty. In his thinking, va ri a bi l i ty was even part of
the “ch a rms of s t a ti s ti c s .” Con s equ en t ly, he pre s en ted a sim-
ple physical model to give a clear vi su a l i z a ti on of bi n omial and,
f i n a lly, n ormal va ri a bi l i ty and its deriva ti on .

Figure 2a shows a further development of this “Galton
board,” in which particles fall down a board and are devi-
a ted at dec i s i on points (the tips of the triangular ob s t acl e s )
ei t h er left or ri ght with equal prob a bi l i ty. ( G a l ton used sim-
ple nails inste ad of the isosceles tri a n gles shown here , so his
i nven ti on re s em bles a pinball machine or the Japanese ga m e
Pach i n ko.) The normal distri buti on cre a ted by the boa rd re-
flects the cumulative additive effects of the sequence of de-
cision points.

A parti cle leaving the funnel at the top meets the tip of t h e
f i rst ob s t acle and is devi a ted to the left or ri ght by a distance
c with equal prob a bi l i ty. It then meets the corre s ponding tri-
a n gle in the second row,and is again devi a ted in the same man-
n er, and so fort h . The devi a ti on of the parti cle from one row
to the next is a re a l i z a ti on of a ra n dom va ri a ble with po s s i bl e
va lues +c and –c, and with equal prob a bi l i ty for both of t h em .
F i n a lly, a f ter passing r rows of tri a n gl e s , the parti cle falls into

Fi g u re 1. Exa m ples of n o rmal and log - n o rmal distri bu ti o n s . While the
d i s tri bu tion of the hei ghts of 1052 wo m en (a, in inches; Sn e d e cor and
Co ch ran 1989) fits the normal distri bu ti o n , with a goodness of fit p value of
0 . 7 5 , that of the co n tent of hyd rox ym et hyl fu rfu rol (HMF, m g · k g– 1) in 1573
h o n ey samples (b; Ren n er 1970) fits the log - n o rmal (p = 0.41) but not the
n o rmal (p = 0.0000). In tere s ti n gly, the distri bu tion of the hei ghts of wo m en
fits the log - n o rmal distri bu tion eq u a lly well (p = 0.74).



one of the r + 1 recept acles at the bo t tom . The prob a bi l i ti e s
of ending up in these recept acl e s , nu m bered 0, 1 , . . . ,r, fo ll ow
a bi n omial law with para m eters r and p = 0.5.Wh en many par-
ti cles have made their way thro u gh the ob s t acl e s , the hei ght of
the parti cles piled up in the several recept acles wi ll be ap-
prox i m a tely proporti onal to the bi n omial prob a bi l i ti e s .

For a large nu m ber of rows , the prob a bi l i ties approach a
n ormal den s i ty functi on according to the cen tral limit theo-
rem . In its simplest form , this mathem a tical law states that the
sum of m a ny (r) indepen den t ,i den ti c a lly distri buted ra n dom
va ri a bles is, in the limit as r→∞ ,n orm a lly distri buted . Th ere-
fore , a Galton boa rd with many rows of ob s t acles shows nor-
mal den s i ty as the ex pected hei ght of p a rti cle piles in the re-
cept acl e s , and its mechanism captu res the idea of a sum of r
i n depen dent ra n dom va ri a bl e s .

F i g u re 2b shows how Galton’s con s tru cti on was mod i f i ed
to de s c ri be the distri buti on of a produ ct of su ch va ri a bl e s ,
wh i ch ulti m a tely leads to a log - n ormal distri buti on . To this
a i m ,s c a l ene tri a n gles are needed (although they appear to be
i s o s celes in the figure ) , with the lon ger side to the ri gh t . Let
the distance from the left ed ge of the boa rd to the tip of t h e
f i rst ob s t acle bel ow the funnel be xm. The lower corn ers of t h e

f i rst tri a n gle are at xm · c and xm/c (ign oring the gap nece s-
s a ry to all ow the parti cles to pass bet ween the ob s t acl e s ) .
Th erefore , the parti cle meets the tip of a tri a n gle in the nex t
row at X = xm · c, or X = xm / c , with equal prob a bi l i ties for bo t h
va lu e s . In the second and fo ll owing rows , the tri a n gles wi t h
the tip at distance x f rom the left ed ge have lower corn ers at
x · c and x/c (up to the gap wi d t h ) . Thu s , the hori zontal po-
s i ti on of a parti cle is mu l ti p l i ed in each row by a ra n dom va ri-
a ble with equal prob a bi l i ties for its two po s s i ble va lues c and
1 / c .

O n ce aga i n , the prob a bi l i ties of p a rti cles falling into any re-
cept acle fo ll ow the same bi n omial law as in Galton’s 
devi ce , but because the recept acles on the ri ght are wi der
than those on the lef t , the hei ght of acc u mu l a ted parti cles is
a “h i s togra m” s kewed to the lef t . For a large nu m ber of rows ,
the hei ghts approach a log - n ormal distri buti on . This fo ll ows
f rom the mu l ti p l i c a tive vers i on of the cen tral limit theorem ,
wh i ch proves that the produ ct of m a ny indepen den t ,i den ti-
c a lly distri buted , po s i tive ra n dom va ri a bles has approx i-
m a tely a log - n ormal distri buti on . Com p uter implem en t a ti on s
of the models shown in Figure 2 also are ava i l a ble at the Web
s i te h t tp : / / s t a t . et h z . ch / vi s / l o g - n o rm a l ( Gut et al. 2 0 0 0 ) .
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Fi g u re 2. Physical mod els dem o n s tra ting the genesis ofn o rmal and log - n o rmal distri bu ti o n s . Pa rti cles fall from a fu n n el
o n to tips of tri a n gl e s , wh ere they are devi a ted to the left or to the ri ght with equal proba bi l i t y (0.5) and finally fall into
re cept a cl e s . The medians of the distri bu tions remain bel ow the en try points of the pa rti cl e s . If the tip of a tri a n gle is at
d i s t a n ce x from the left edge of the boa rd , tri a n gle tips to the ri ght and to the left bel ow it are pl a ced at x + c and x –  c 
for the normal distri bu tion (pa n el a), and x · c′ and x / c′ for the log - n o rmal (pa n el b, pa tent pen d i n g ) , c and c′ bei n g
co n s t a n t s . The distri bu tions are gen era ted by many small random ef f e cts (acco rding to the cen tral limit theo rem) that are
a d d i tive for the normal distri bu tion and mu l ti pl i c a t ive for the log - n o rm a l . We therefo re su ggest the altern a tive name
mu l ti pl i c a t ive normal distri bu tion for the latter.

a b



J. C . Ka pteyn de s i gn ed the direct predece s s or of the log -
n ormal machine (Ka pteyn 1903,Ai tch i s on and Brown 1957).
For that mach i n e ,i s o s celes tri a n gles were used inste ad of t h e
s kewed shape de s c ri bed here . Because the tri a n gl e s’ width is
proporti onal to their hori zontal po s i ti on , this model also
l e ads to a log - n ormal distri buti on . However, the isoscel e s
tri a n gles with incre a s i n gly wi de sides to the ri ght of the en-
try point have a hidden logical disadva n t a ge : The median of
the parti cle flow shifts to the lef t . In con tra s t ,t h ere is no su ch
shift and the median remains bel ow the en try point of the par-
ti cles in the log - n ormal boa rd pre s en ted here (wh i ch was
de s i gn ed by aut h or E. L . ) . Moreover, the isosceles tri a n gles in

the Ka pteyn boa rd cre a te ad d i tive ef fect s
at each dec i s i on poi n t , in con trast to the
mu l ti p l i c a tive , l og - n ormal ef fects ap-
p a rent in Figure 2b.

Con s equ en t ly, the log - n ormal boa rd
pre s en ted here is a physical repre s en t a-
ti on of the mu l ti p l i c a tive cen tral limit
t h eorem in prob a bi l i ty theory.

Basic properties ofl og -
n o rmal distri bu ti o n s
The basic properties of l og - n ormal dis-
tri buti on were establ i s h ed long ago
(Weber 1834, Fech n er 1860, 1 8 9 7 ,G a l-
ton 1879, Mc Al i s ter 1879, G i brat 1931,
G ad dum 1945), and it is not difficult to
ch a racteri ze log - n ormal distri buti on s

m a t h em a ti c a lly.A ra n dom va ri a ble X is said to be log - n orm a lly
d i s tri buted if l og (X) is norm a lly distri buted (see the box on
the facing page ) . O n ly po s i tive va lues are po s s i ble for the
va ri a bl e , and the distri buti on is skewed to the left (Figure 3a).

Two para m eters are needed to specify a log - n ormal distri-
buti on . Trad i ti on a lly, the mean µ and the standard devi a ti on
σ ( or the va ri a n ce σ2) of l og (X) are used (Figure 3b). How -
ever, t h ere are clear adva n t a ges to using “b ack - tra n s form ed ”
va lues (the va lues are in terms of x, the measu red data):
(1) µ∗: = e µ, σ∗: = e σ.

We then use X ∼ Λ(µ∗, σ∗) as a mathem a tical ex pre s s i on
meaning that X is distri buted according to the log - n ormal law

with median µ∗ and mu l ti p l i c a tive stan-
d a rd devi a ti on σ ∗.

The median of this log - n ormal dis-
tri buti on is med(X) = µ∗ = e µ, s i n ce µ
is the median of l og (X) .Thu s , the prob-
a bi l i ty that the va lue of X is gre a ter
than µ∗ is 0.5, as is the prob a bi l i ty that
the va lue is less than µ∗. The para m e-
ter σ ∗, wh i ch we call mu l ti p l i c a tive
s t a n d a rd devi a ti on , determines the
s h a pe of the distri buti on . F i g u re 4
s h ows den s i ty curves for some sel ected
va lues of σ ∗. No te that µ∗ is a scale pa-
ra m eter; h en ce ,i f X is ex pre s s ed in dif-
ferent units (or mu l ti p l i ed by a con-
stant for other re a s on s ) , t h en µ∗
ch a n ges accord i n gly but σ* rem a i n s
the same.

Di s tri buti ons are com m on ly ch a r-
acteri zed by their ex pected va lue µ and
s t a n d a rd devi a ti on σ. In app l i c a ti ons for
wh i ch the log - n ormal distri buti on ad-
equ a tely de s c ri bes the data, these pa-
ra m eters are usu a lly less easy to inter-
pret than the median µ ∗ ( Mc Al i s ter
1879) and the shape para m eter σ ∗. It is
worth noting that σ ∗ is rel a ted to the
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Fi g u re 3. A log - n o rmal distri bu tion with ori ginal scale (a) and with loga ri t h m i c
scale (b). Areas under the curve , from the median to both sides, co rre s pond to one and
two standard devi a t ion ra n ges of the normal distri bu ti o n .

Fi g u re 4. Den s i ty fu n ctions of sel e cted log - n o rmal distri bu tions co m pa red with a
n o rmal distri bu ti o n . Log - n o rmal distri bu tions µ s h own for five values of
mu l ti pl i c a tive standard devi a ti o n , s *, a re co m pa red with the normal distri bu tion 
(100 ± 20, s h a d e d ) . The values cover most of the ra n ge evi d ent in Ta ble 2. Wh i l e
the median µ is the same for all den s i ti e s , the modes approa ch zero with increa s i n g
s h a pe pa ra m e ters . A ch a n ge in µ a f f e cts the scaling in hori zontal and verti c a l
d i re cti o n s , but the essen tial shape remains the same.

( b )( a )



coef f i c i ent of va ri a ti on by a mon o ton i c ,i n c reasing tra n s for-
m a ti on (see the box bel ow, eq .2 ) .

For norm a lly distri buted data, the interval µ ± σ covers a
prob a bi l i ty of 6 8 . 3 % , while µ ± 2σ covers 95.5% (Ta ble 1).
The corre s ponding statem ents for log - n ormal qu a n ti ties are

[ µ∗/σ∗, µ∗ ⋅ σ∗] = µ∗ x/ σ ∗ ( contains 68.3%) and
[ µ∗/ (σ ∗ )2, µ∗ ⋅ (σ ∗ )2] = µ∗ x/ (σ ∗ )2 ( contains 95.5%).
This ch a racteri z a ti on shows that the opera ti ons of mu l ti-

p lying and divi d i n g, wh i ch we den o te with the sign ×/
( ti m e s / d ivi de ) , h elp to determine useful intervals for log -
n ormal distri buti ons (Figure 3), in the same way that the
opera ti ons of adding and su btracting (± , or plu s / m i nus) do
for normal distri buti on s . Ta ble 1 su m m a ri zes and com p a re s
s ome properties of n ormal and log - n ormal distri buti on s .

The sum of s everal indepen dent normal va ri a bles is itsel f
a normal ra n dom va ri a bl e . For qu a n ti ties with a log - n orm a l
d i s tri buti on ,h owever,mu l ti p l i c a ti on is the rel evant opera ti on
for com bining them in most app l i c a ti on s ; for ex a m p l e , t h e
produ ct of con cen tra ti ons determines the speed of a simple

ch emical re acti on . The produ ct of i n depen dent log - n orm a l
qu a n ti ties also fo ll ows a log - n ormal distri buti on . The med i a n
of this produ ct is the produ ct of the medians of its factors . Th e
formula for σ ∗ of the produ ct is given in the box bel ow 
( eq .3 ) .

For a log - n ormal distri buti on , the most precise (i.e.,
a s ym pto ti c a lly most ef f i c i ent) met h od for esti m a ting the pa-
ra m eters µ* and σ* relies on log tra n s form a ti on . The mean
and em p i rical standard devi a ti on of the loga rithms of the data
a re calculated and then back - tra n s form ed , as in equ a ti on 1.
These esti m a tors are call ed x̄ * and s*, wh ere x̄ * is the 
geom etric mean of the data (Mc Al i s ter 1879; eq . 4 in the box
bel ow ) .More robust but less ef f i c i ent esti m a tes can be obt a i n ed
f rom the median and the qu a rtiles of the data, as de s c ri bed
in the box bel ow.

As noted previously, it is not uncommon for data with a
l og - n ormal distri buti on to be ch a racteri zed in the litera tu re
by the arithmetic mean ̄x and the standard deviation s of a
sample, but it is still possible to obtain estimates for µ* and
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Def i n i tion and properties of the log - n o rmal distri bu ti o n

A random variable X is log-normally distributed if log(X) has a normal distribution. Usually, natural logarithms are used, but other bases would lead to the
same family of distributions, with rescaled parameters. The probability density function of such a random variable has the form 

A shift parameter can be included to define a three-parameter family. This may be adequate if the data cannot be smaller than a certain bound different
from zero (cf. Aitchison and Brown 1957, page 14). The mean and variance are exp(µ + σ/2) and (exp(σ2)  –  1 ) e x p ( 2 µ+σ2) , r e s p e c t i v e l y, and therefore,
the coefficient of variation is 

t

which is a function in σ o n l y.

The product of two independent log-normally distributed random variables has the shape parameter

since the variances at the log-transformed variables add.

Estimation: The asymptotically most efficient (maximum likelihood) estimators are

c v = 

( 4 )

-

-

The quartiles q1 and q2 lead to a more robust estimate (q1/q2)c for s *, where 1/c = 1.349 = 2 · Φ– 1 ( 0 . 7 5 ) , Φ– 1 denoting the inv e rs e
standard normal distribution function. If the mean x̄ and the standard deviation s of a sample are av a i l a b l e , i.e. the data is summa-
rized in the form x̄ ± s, the parameters µ* and s * can be estimated from them by using
r e s p e c t i v e l y, w i t h , cv = coefficient of variation. Thus, this estimate of s * is determined only by the cv (eq. 2).

a n d
-

( 3 )

( 2 )

.

,



σ* (see the box on page 345). For example,Stehmann and
De Wa a rd (1996) de s c ri be their data as log - n orm a l , with the
arithmetic mean  x̄ and standard deviation s as  4.1 ± 3.7.
Taking the log-normal nature of the distribution into ac-
count,the probability of the corresponding  x̄ ± s interval
(0.4 to 7.8) turns out to be 88.4% instead of 68.3%. More-
over, 65% of the pop u l a ti on are bel ow the mean and almost
exclu s ively within on ly one standard devi a ti on . In con tra s t ,
the propo s ed ch a racteri z a ti on , wh i ch uses the geom etri c
mean x̄ * and the mu l ti p l i c a tive standard devi a ti on s*, re ad s
3.0 x/ 2.2 (1.36 to 6.6). This interval covers approximately
68% of the data and thus is more appropri a te than the
other interval for the skewed data.

Co m pa ring log - n o rmal distri bu ti o n s
a cross the sci en ce s
Examples of l og - n ormal distri buti ons from va rious bra n ch-
es of s c i en ce reveal intere s ting patterns (Ta ble 2). In gen er-
a l , va lues of s* va ry bet ween 1.1 and 33, with most in the
ra n ge of a pprox i m a tely 1.4 to 3. The shapes of su ch distri b-
uti ons are app a rent by com p a ri s on with sel ected instance s
s h own in Figure 4.

Geol ogy and mining. In the Eart h’s cru s t , the con cen-
tra ti on of el em ents and their rad i oactivi ty usu a lly fo ll ow a log -
n ormal distri buti on . In geo l ogy, va lues of s* in 27 ex a m p l e s
va ri ed from 1.17 to 5.6 (Ra z u m ovs ky 1940, Ah rens 1954,
Malanca et al. 1 9 9 6 ) ; nine other examples are given in Ta bl e
2 . A cl o s er look at ex ten s ive data from different reefs (Kri ge
1966) indicates that va lues of s* for gold and ura n ium incre a s e
in con cert with the size of the regi on con s i dered .

Human medici n e . A va ri ety of examples from med i c i n e
fit the log - n ormal distri buti on .L a tent peri ods (time from in-
fecti on to first sym ptoms) of i n fectious diseases have of ten

been shown to be log - n orm a lly dis-
tri buted (Sa rt well 1950, 1 9 5 2 , 1 9 6 6 ,
Kon do 1977); a pprox i m a tely 70% of
86 examples revi ewed by Kon do (1977)
a ppear to be log - n orm a l . Sa rt well
( 1 9 5 0 ,1 9 5 2 , 1966) doc u m ents 37 cases
f i t ting the log - n ormal distri buti on . A
p a rti c u l a rly impre s s ive one is that of
5914 soldiers inoc u l a ted on the same
d ay with the same batch of f a u l ty vac-
c i n e , 1005 of wh om devel oped seru m
h ep a ti ti s .

In tere s ti n gly, de s p i te con s i dera bl e
d i f feren ces in the median  x̄ * of l a-
tency peri ods of va rious diseases (ra n g-
ing from 2.3 hours to several mon t h s ;
Ta ble 2), the majori ty of s*  va lues were
close to 1.5. It might be worth trying to
account for the similari ties and dis-
s i m i l a ri ties in s*. For instance , the small
s* va lue of 1.24 in the example of t h e

S co t tish soldiers may be due to limited va ri a bi l i ty within this
ra t h er hom ogen eous group of peop l e . Su rvival time after di-
a gnosis of four types of c a n cer is, com p a red with latent pe-
ri ods of i n fectious diseases, mu ch more va ri a bl e , with s* va l-
ues bet ween 2.5 and 3.2 (Boag 1949, Fei n l eib and Mc Ma h on
1 9 6 0 ) . It would be intere s ting to see wh et h er x̄ * and s* va l-
ues have ch a n ged in accord with the ch a n ges in diagnosis and
tre a tm ent of c a n cer in the last half cen tu ry. The age of on s et
of Al z h ei m er ’s disease can be ch a racteri zed with the geo-
m etric mean x̄ * of 60 ye a rs and s* of 1.16 (Horn er 1987).

Envi ro n m en t . The distri buti on of p a rti cl e s , ch em i c a l s ,
and or ganisms in the envi ron m ent is of ten log - n orm a l . For
ex a m p l e , the amounts of rain falling from seeded and un-
s eeded clouds differed sign i f i c a n t ly (Bi ondini 1976), a n d
a gain s* va lues were similar (seeding itsel f accounts for the
gre a ter va ri a ti on with seeded cl o u d s ) . The para m eters for
the con tent of hyd rox ym et hyl f u rf u rol in hon ey (see Figure 1b)
s h ow that the distri buti on of the ch emical in 1573 samples can
be de s c ri bed adequ a tely with just the two va lu e s . Ott (1978)
pre s en ted data on the Po llutant Standard In dex , a measu re of
air qu a l i ty. Data were co ll ected for ei ght US citi e s ; the ex trem e s
of x̄ * and s* were found in Los An gel e s , Ho u s ton , and Se a t-
t l e ,a ll owing intere s ting com p a ri s on s .

Atm o s p h eric sci en ces and aerobi ol ogy.An o t h er com-
pon ent of air qu a l i ty is its con tent of m i c roor ga n i s m s , wh i ch
was—not su rpri s i n gly — mu ch high er and less va ri a ble in
the air of Ma rs ei lle than in that of an island (Di Gior gio et al.
1 9 9 6 ) . The atm o s ph ere is a major part of l i fe su pport sys tem s ,
and many atm o s ph eric physical and ch emical properties 
fo ll ow a log - n ormal distri buti on law.Am ong other ex a m p l e s
a re size distri buti ons of aerosols and clouds and para m eters
of tu rbu l ent proce s s e s . In the con text of tu rbu l en ce , the 
t h ermal flux from the Eart h’s su rf ace is form ed by ed d i e s ,t h e
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Ta ble 1. A bri d ge betwe en normal and log - n o rmal distri bu ti o n s .

N o rmal distribution L o g - n o rmal distribution
( G a u s s i a n , or additive ( M u l t i p l i c a t i v e

P r o p e rt y n o rm a l ,d i s t r i b u t i o n ) n o rmal distribution) 

Effects (central limit theorem) A d d i t i v e M u l t i p l i c a t i v e
Shape of distribution S y m m e t r i c a l S kewe d
M o d e l s

Triangle shape I s o s c e l e s S c a l e n e
Effects at each decision point x x ± c x  x/ c′

C h a r a c t e r i z a t i o n
M e a n x̄ , A r i t h m e t i c ¯̄x *, G e o m e t r i c
Standard dev i a t i o n s, A d d i t i v e s* , M u l t i p l i c a t i v e
Measure of dispers i o n cv = s/x̄ s*
I n t e rval of confidence

6 8 . 3 % x̄ ± s x̄ * x/  s*
9 5 . 5 % x̄ ± 2s x̄ * x/ (s*)2

9 9 . 7 % x̄ ± 3s x̄ * x/ (s*)3

N o t e s: cv = coefficient of variation; x/ = times/divide, c o rresponding to plus/minus for the 
established sign ±.
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Ta ble 2. Co m pa ring log - n o rmal distri bu tions across the sci en ces in terms of the ori ginal data. x̄ ∗ is an esti m a tor of t h e
median of the distri bu ti o n ,u su a lly the geo m etric mean of the ob served data, and s * e s ti m a tes the mu l ti pl i c a t ive standard
d evi a ti o n , the shape pa ra m e ter of the distri bu tion; 68% of the data are within the ra n ge of x̄ ∗ x/  s *, and 95% wi t h i n
x̄ ∗ x/ (s *)2. In gen era l , values of s * and some of x̄ ∗ were obtained by tra n sfo rm a tion from the pa ra m eters given in the
l i tera tu re (cf. Ta ble 3). The goodness of fit was te s ted ei t h er by the ori ginal authors or by us.

Discipline and type 
of measurement E x a m p l e n x̄ * s * R e f e r e n c e

G e o l o gy and mining
Concentration of elements Ga in diabase 5 6 17 mg · kg– 1 1 . 1 7 Ahrens 1954

Co in diabase 5 7 35 mg · kg– 1 1 . 4 8 Ahrens 1954
C u 6 8 8 0 . 3 7 % 2 . 6 7 R a z u m ov s ky 1940
Cr in diabase 5 3 93 mg · kg– 1 5 . 6 0 Ahrens 1954
2 2 6R a 5 2 25.4 Bq · kg– 1 1 . 7 0 Malanca et al. 1996
Au:  small sections 1 0 0 (20 inch-dw t . )a 1 . 3 9 Krige 1966

large sections 7 5 , 0 0 0 n.a. 2 . 4 2 Krige 1966
U:   small sections 1 0 0 (2.5 inch-lb.)a 1 . 3 5 Krige 1966

large sections 7 5 , 0 0 0 n . a . 2 . 3 5 Krige 1966
Human medicine
Latency periods of diseases C h i c ken pox 1 2 7 14 day s 1 . 1 4 S a rt well 1950

S e rum hepatitis 1 0 0 5 100 day s 1 . 2 4 S a rt well 1950
Bacterial food poisoning 1 4 4 2.3 hours 1 . 4 8 S a rt well 1950
S a l m o n e l l o s i s 2 2 7 2.4 day s 1 . 4 7 S a rt well 1950
Po l i o my e l i t i s , 8 studies 2 5 8 12.6 day s 1 . 5 0 S a rt well 1952
Amoebic dysentery 2 1 5 21.4 day s 2 . 1 1 S a rt well 1950

S u rvival times after cancer Mouth and throat cancer 3 3 8 9.6 months 2.50 Boag 1949
d i a g n o s i s L e u kemia myelocytic (female) 1 2 8 15.9 months 2 . 8 0 Feinleib and McMahon 1960

L e u kemia lymphocytic (female) 1 2 5 17.2 months 3 . 2 1 Feinleib and McMahon 1960
C e rvix uteri 9 3 9 14.5 months 3 . 0 2 Boag 1949

Age of onset of a disease A l z h e i m e r 9 0 60 years 1 . 1 6 H o rner 1987

E nv i r o n m e n t
R a i n f a l l S e e d e d 26 211,600 m3 4 . 9 0 Biondini 1976

U n s e e d e d 2 5 78,470 m3 4 . 2 9 Biondini 1976
HMF in honey Content of hy d r o x y m e t hy l f u r f u r o l 1 5 7 3 5.56 g kg– 1 2 . 7 7 Renner 1970
Air pollution (PSI) Los Angeles, C A 3 6 4 109.9 PSI 1 . 5 0 Ott 1978

H o u s t o n ,T X 3 6 3 49.1 PSI 1.85 Ott 1978
S e a t t l e , WA 3 5 7 39.6 PSI 1 . 5 8 Ott 1978

A e r o b i o l o gy
A i r b o rne contamination by Bacteria in Mars e i l l e s n . a . 630 cfu m– 3 1.96 Di Giorgio et al. 1996

bacteria and fungi Fungi in Mars e i l l e s n . a . 65 cfu m–3  2 . 3 0 Di Giorgio et al. 1996
Bacteria on Porquerolles Island n.a. 22 cfu m–3 3 . 1 7 Di Giorgio et al. 1996
Fungi on Porquerolles Island n . a . 30 cfu m–3 2 . 5 7 Di Giorgio et al. 1996

P hy t o m e d i c i n e
Fungicide sensitivity, E C5 0 Untreated area 1 0 0 0.0078 µg · ml– 1 a.i.  1 . 8 5 Romero and Sutton 1997
Banana leaf spot Treated area 1 0 0 0.063 µg · ml– 1 a . i . 2 . 4 2 Romero and Sutton 1997

After additional treatment 9 4 0.27 µg · ml– 1 a . i . > 3 . 5 8 Romero and Sutton 1997
Po w d e ry mildew on barl ey Spain (untreated area) 2 0 0.0153 µg · ml–1 a.i. 1 . 2 9 L i m p e rt and Koller 1990

England (treated area) 2 1 6.85 µg · ml–1 a . i . 1 . 6 8 L i m p e rt and Koller 1990

Plant phy s i o l o gy
Pe rmeability and Citrus aurantium/ H2O / L e a f 7 3 1.58 10–10 m s–1 1 . 1 8 Baur 1997

solute mobility (rate of Capsicum annu u m/ H2O / C M 1 4 9 26.9 10–10 m s–1 1 . 3 0 Baur 1997
constant desorp t i o n ) Citrus aurantium/ 2 , 4–D / C M 7 5 0 7.41 10–7 1 s–1 1 . 4 0 Baur 1997

Citrus aurantium/ W L 1 1 0 5 4 7 / C M 4 6 2 . 6 3 1 0–7 1 s–1 1 . 6 4 Baur 1997
Citrus aurantium/ 2 , 4–D / C M 1 6 n . a . 1 . 3 8 Baur 1997
Citrus aurantium/ 2 , 4–D/CM + acc.1 1 6 n . a . 1 . 1 7 Baur 1997
Citrus aurantium/ 2 , 4–D / C M 1 9 n . a . 1 . 5 6 Baur 1997
Citrus aurantium/ 2 , 4–D/CM + acc.2 1 9 n . a . 1 . 0 3 Baur 1997

E c o l o gy
Species abundance Diatoms (150 species) n . a . 12.1 i/sp 5 . 6 8 M ay 1981

Plants (coverage per species) n . a . ∼0 . 4 % 7 . 3 9 M a g u rran 1988
Fish (87 species) n . a . 2 . 9 3 % 1 1 . 8 2 M a g u rran 1988
Birds (142 species) n . a . n . a . 33.15 Preston 1962
Moths in England (223 species) 1 5 , 6 0 9 17.5 i/sp 8 . 6 6 Preston 1948
Moths in Maine (330 species) 5 6 , 1 3 1 19.5 i/sp 1 0 . 6 7 Preston 1948
Moths in Saskatchewan (277 species) 8 7 , 1 1 0 n . a . 2 5 . 1 4 Preston 1948

Food technology
Size of unit C rystals in ice cream n . a . 15  µm 1 . 5 L i m p e rt et al. 2000b

(mean diameter) Oil drops in may o n n a i s e n . a . 20  µm 2 L i m p e rt et al. 2000b
Pores in cocoa press cake n . a . 10  µm 1 . 5 – 2 L i m p e rt et al. 2000b



s i ze of wh i ch is distri buted log - n orm a lly (Limpert et al.
2 0 0 0 b ) .

Phyto m e d i cine and microbi ol ogy. Examples from
m i c robi o l ogy and phytom edicine inclu de the distri buti on
of s en s i tivi ty to fungi c i des in pop u l a ti ons and distri buti on of
pop u l a ti on size . Rom ero and Sut ton (1997) analy zed the
s en s i tivi ty of the banana leaf s pot fungus (Myco s p h a erella 
f ij i en s i s) to the fungi c i de prop i con a zole in samples from 
u n tre a ted and tre a ted areas in Costa Ri c a . The differen ces in
x̄ * and s* among the areas can be ex p l a i n ed by tre a tm ent his-
tory. The s* in untre a ted areas ref l ects mostly envi ron m en-
tal con d i ti ons and stabilizing sel ecti on . The increase in s* af-
ter tre a tm ent ref l ects the wi den ed spectrum of s en s i tivi ty,
wh i ch re sults from the ad d i ti onal sel ecti on caused by use of
the ch em i c a l .

Similar re sults were obt a i n ed for the barl ey mildew
p a t h ogen , B l u m eri a (Erys i p h e) gra m i n i s f .s p. h o rd ei, and the
f u n gi c i de tri ad i m enol (Limpert and Ko ll er 1990) wh ere ,
a ga i n , s* was high er in the tre a ted regi on . Mi l dew in Spain,
wh ere tri ad i m enol had not been used , repre s en ted the ori g-
inal sen s i tivi ty. In con tra s t , in England the pathogen was of-
ten tre a ted and was con s equ en t ly high ly re s i s t a n t ,d i f fering by
a re s i s t a n ce factor of close to 450 (x̄ * England / x̄ * Spain).
To obtain the same con trol of the resistant pop u l a ti on ,t h en ,
the con cen tra ti on of the ch emical would have to be incre a s ed
by this factor.

The abu n d a n ce of b acteria on plants va ries among plant
s pec i e s , type of b acteri a , and envi ron m ent and has been
found to be log - n orm a lly distri buted (Hi rano et al. 1 9 8 2 ,
Loper et al. 1 9 8 4 ) . In the case of b acterial pop u l a ti ons on the
l e aves of corn (Zea mays) , the median pop u l a ti on size 
(x̄ *) incre a s ed from Ju ly and August to October, but the rel-
a tive va ri a bi l i ty ex pre s s ed (s*) rem a i n ed nearly constant (Hi-

rano et al. 1 9 8 2 ) . In tere s ti n gly, wh ereas s* for the total nu m-
ber of b acteria va ri ed little (from 1.26 to 2.0), that for the su b-
group of i ce nu cl e a ti on bacteria va ri ed con s i dera bly (from 3.75
to 8.04).

Plant phys i ol ogy.Recen t ly, convincing evi den ce was pre-
s en ted from plant phys i o l ogy indicating that the log - n orm a l
d i s tri buti on fits well to perm e a bi l i ty and to solute mobi l i ty in
plant cuti cles (Baur 1997). For the nu m ber of com bi n a ti on s
of s pec i e s , plant part s , and ch emical com pounds stu d i ed ,
the median s* for water perm e a bi l i ty of l e aves was 1.18. Th e
corre s ponding s* of i s o l a ted cuti cl e s ,1 . 3 0 ,a ppe a rs to be con-
s i dera bly high er, pre su m a bly because of the prep a ra ti on of c u-
ti cl e s .Aga i n , s* was con s i dera bly high er for mobi l i ty of the her-
bi c i des Di ch l oroph en ox yacetic acid (2,4-D) and W L 1 1 0 5 4 7
( 1 - ( 3 - f lu orom et hyl ph enyl ) - 5 - U -1 4C - ph en ox y - 1 , 2 , 3 , 4 - tetra-
zo l e ) . One ex p l a n a ti on for the differen ces in s* for water and
for the other ch emicals may be ex tra po l a ted from re su l t s
f rom food tech n o l ogy, wh ere , for tra n s port thro u gh filters ,s *
is small er for simple (e.g. ,s ph erical) parti cles than for more
com p l ex parti cles su ch as rods (E. J. Windhab [Ei d gen ö s-
s i s che Tech n i s che Hoch s chu l e , Zu ri ch , Swi t zerl a n d ] , per-
s onal com mu n i c a ti on ,2 0 0 0 ) .

Ch emicals call ed accel era tors can redu ce the va ri a bi l i ty of
m obi l i ty. For the com bi n a ti on of Ci trus aura n ti u m c uti cles and
2 , 4 - D, d i et hyl ad i p a te (accel era tor 1) caused s* to fall from 1.38
to 1.17. For the same com bi n a ti on , tri butyl ph o s ph a te (ac-
cel era tor 2) caused an even gre a ter dec re a s e ,f rom 1.56 to 1.03.
S t a ti s tical re a s oning su ggests that these data, with s* va lues of
1.17 and 1.03, a re norm a lly distri buted (Baur 1997). However,
because the underlying principles of perm e a bi l i ty rem a i n
the same, we think these cases repre s ent log - n ormal distri b-
uti on s . Thu s , con s i dering on ly stati s tical re a s ons may lead to
m i s cl a s s i f i c a ti on , wh i ch may handicap furt h er analys i s .O n e
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Ta ble 2. ( co n ti nued from previ ous pa ge )

Discipline and type
of measurement Example n x̄ * s* R e f e r e n c e

L i n g u i s t i c s
Length of spoken words in Different words 7 3 8 5.05 letters 1 . 4 7 Herdan   1958

phone conv e rs a t i o n Total occurrence of words 7 6 , 0 5 4 3.12 letters 1 . 6 5 Herdan   1958
Length of sentences G. K. Chestert o n 6 0 0 23.5 words 1 . 5 8 Williams 1940

G. B. Shaw 6 0 0 24.5 words 1 . 9 5 Williams 1940
Social sciences 
and economics
Age of marr i a g e Women in Denmark ,1 9 7 0 s 3 0 , 2 0 0 ( 1 2 . 4 )a 10.7 years 1 . 6 9 Preston  1981
Fa rm size in England 1 9 3 9 n . a . 27.2 hectares 2 . 5 5 Allanson 1992

and Wa l e s 1 9 8 9 n . a . 37.7 hectares 2 . 9 0 Allanson 1992
I n c o m e Households of employees in 1 . 7 x 1 06 s Fr. 6,7 2 6 1 . 5 4 Statistisches Jahrbuch der

S w i t z e rl a n d , 1 9 9 0 S c h weiz 1997

a The shift parameter of a three-parameter log-normal distribution.

N o t e s: n.a. = not available; PSI = Pollutant Standard Index; acc. = accelerator; i/sp = individuals per species; a.i. = active ingredient; and
cfu = colony forming units.



qu e s ti on rem a i n s : What are the underlying principles of per-
m e a bi l i ty that cause log - n ormal va ri a bi l i ty ?

Ecol ogy. In the majori ty of plant and animal com mu n i ti e s ,
the abu n d a n ce of s pecies fo ll ows a (tru n c a ted) log - n ormal dis-
tri buti on (Su gi h a ra 1980, Ma g u rran 1988). In tere s ti n gly, t h e
ra n ge of s* for bi rd s ,f i s h ,m o t h s ,p l a n t s , or diatoms was very
close to that found within one group or another. Ba s ed on the
data and con clu s i ons of Pre s ton (1948), we determ i n ed the
most typical va lue of s* to be 11.6 .1

Food te ch n ol ogy. Va rious app l i c a ti ons of the log - n orm a l
d i s tri buti on are rel a ted to the ch a racteri z a ti on of s tru ctu re s
in food tech n o l ogy and food process en gi n eeri n g. Su ch dis-
perse stru ctu res may be the size and frequ ency of p a rti cl e s ,
d rop l et s , and bu bbles that are gen era ted in dispers i n g
proce s s e s , or they may be the pores in filtering mem bra n e s .
The latter are typ i c a lly form ed by parti cles that are also log -
n orm a lly distri buted in diameter. Su ch parti cles can also be
gen era ted in dry or wet milling proce s s e s , in wh i ch log -
n ormal distri buti on is a powerful approx i m a ti on . The ex-
amples of i ce cream and mayonnaise given in Ta ble 2 also poi n t
to the pre s en ce of l og - n ormal distri buti ons in everyd ay life .

Li n g u i s ti cs . In linguisti c s , the nu m ber of l et ters per word
and the nu m ber of words per sen ten ce fit the log - n ormal dis-
tri buti on . In English tel eph one convers a ti on s , the va ri a bi l i ty
s* of the length of a ll words used—as well as of d i f feren t
words—was similar (Herdan 1958). L i kewi s e , the nu m ber of
words per sen ten ce va ri ed little bet ween wri ters (Wi ll i a m s
1 9 4 0 ) .

So cial sci en ces and eco n o m i cs . Examples of l og -
n ormal distri buti ons in the social scien ces and econ omics in-
clu de age of m a rri a ge ,f a rm size , and incom e . The age of f i rs t
m a rri a ge in We s tern civi l i z a ti on fo ll ows a three - p a ra m eter 
l og - n ormal distri buti on ; the third para m eter corre s ponds to
a ge at puberty (Pre s ton 1981). For farm size in England and

Wa l e s , bo t h x̄ * and s* incre a s ed over 50
ye a rs , the form er by 38.6% (All a n s on 1992).
For income distri buti on s , x̄ * and s* may fa-
c i l i t a te com p a ri s ons among soc i eties and
gen era ti ons (Ai tch i s on and Brown 1957,
L i m pert et al. 2 0 0 0 a ) .

Typical s* va l u e s
One qu e s ti on arises from the com p a ri s on of
l og - n ormal distri buti ons ac ross the scien ce s :
To what ex tent are s* va lues typical for a cer-
tain attri bute? In some cases, va lues of s* 
a ppear to be fairly re s tri cted , as is the case for

the ra n ge of s* for latent peri ods of diseases—a fact that
Sa rt well recogn i zed (1950, 1 9 5 2 , 1966) and Lawren ce reem-
ph a s i zed (1988a). De s c ri bing patterns of typical skewness at
the establ i s h ed log level ,L awren ce (1988a, 1988b) can be re-
ga rded as the direct predece s s or of our com p a ri s on of s* va l-
ues ac ross the scien ce s . Ai tch i s on and Brown (1957), u s i n g
gra phical met h ods su ch as qu a n ti l e – qu a n tile plots and Loren z
c u rve s , dem on s tra ted that log - n ormal distri buti ons de s c ri b-
i n g, for ex a m p l e ,n a ti onal income ac ross co u n tri e s , or incom e
for groups of occ u p a ti ons within a co u n try, s h ow typ i c a l
s h a pe s .

A re s tri cted ra n ge of va ri a ti on for a specific re s e a rch qu e s-
ti on makes sen s e . For infectious diseases of hu m a n s , for 
ex a m p l e , the infecti on processes of the pathogens are similar,
as is the gen etic va ri a bi l i ty of the human pop u l a ti on . The same
a ppe a rs to hold for su rvival time after diagnosis of c a n cer, a l-
t h o u gh the va lue of s* is high er; this can be attri buted to the
ad d i ti onal va ri a ti on caused by cancer recogn i ti on and tre a t-
m en t . Ot h er examples with typical ra n ges of s* come from lin-
g u i s ti c s . For bacteria on plant su rf ace s , the ra n ge of va ri a ti on
of total bacteria is small er than that of a group of b acteri a ,
wh i ch can be ex pected because of com peti ti on . Thu s , t h e
ra n ges of va ri a ti on in these cases appear to be typical and
m e a n i n gf u l , a fact that might well sti mu l a te futu re re s e a rch .

Fu tu re ch a ll en ge s
A nu m ber of s c i en tific areas—and everyd ay life — wi ll pre s en t
opportu n i ties for new com p a ri s ons and for more far-
re aching analyses of s* va lues for the app l i c a ti ons con s i dered
to date . Moreover, our con cept can be ex ten ded also to de-
s c ri pti ons based on sigm oid curve s , su ch as, for ex a m p l e ,
do s e – re s ponse rel a ti on s h i p s .

Fu rt h er co m pa ri sons of s* va l u e s . Perm e a bi l i ty and mo-
bi l i ty are important not on ly for plant phys i o l ogy (Ba u r
1997) but also for many other fields su ch as soil scien ces and
human med i c i n e , as well as for some indu s trial proce s s e s .Wi t h
the help of x̄ * and s *, the mobi l i ty of d i f ferent ch em i c a l s
t h ro u gh a va ri ety of n a tu ral mem branes could easily be as-
s e s s ed ,a ll owing for com p a ri s ons of the mem branes with on e
a n o t h er as well as with those for filter acti ons of s oils or wi t h
technical mem branes and filters . Su ch com p a ri s ons wi ll un-
do u btedly yi eld va lu a ble insigh t s .
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1S pecies abu n d a n ce may be de s c ri bed by a log - n ormal law (Pre s ton 1948),
u su a lly wri t ten in the form S(R) =  S0 · ex p ( – a2R2) , wh ere S0 is the nu m ber
of s pecies at the mode of the distri buti on . The shape para m eter a amounts
to approx i m a tely 0.2 for all spec i e s , wh i ch corre s ponds to s* = 11.6.

Ta ble 3. E s t a blished met h ods for descri bing log - n o rmal distri bu ti o n s .

C h a r a c t e r i z a t i o n D i s a d v a n t a g e s

Graphical methods
Density plots, h i s t o g r a m s , box plots S p a c ey, difficult to describe and compare

Indication of parameters
Logarithm of X, m e a n ,m e d i a n , Unclear which base of the logarithm should be
standard dev i a t i o n ,v a r i a n c e chosen; parameters are not on the scale of the 

original data and values are difficult to interpret 
and use for mental calculations

S kewness and curtosis of X Difficult to estimate and interp r e t



Fa rt h er- rea ching analyse s . An adequ a te de s c ri pti on of
va ri a bi l i ty is a prerequ i s i te for stu dying its patterns and esti-
m a ting va ri a n ce com pon en t s . One com pon ent that de s erve s
m ore atten ti on is the va ri a bi l i ty arising from unknown re a-
s ons and ch a n ce , com m on ly call ed error va ri a ti o n , or in this
c a s e , s*E . Su ch va ri a bi l i ty can be esti m a ted if o t h er con d i ti on s
acco u n ting for va ri a bi l i ty—the envi ron m ent and gen eti c s , for
ex a m p l e — a re kept con s t a n t . The field of pop u l a ti on gen et-
ics and fungi c i de sen s i tivi ty, as well as that of perm e a bi l i ty and
m obi l i ty, can dem on s tra te the ben efits of a n a lyses of va ri a n ce .

An important para m eter of pop u l a ti on gen etics is migra-
ti on . Mi gra ti on among regi ons leads to pop u l a ti on mixing,
t hus wi dening the spectrum of f u n gi c i de sen s i tivi ty en co u n-
tered in any one of the regi ons men ti on ed in the discussion
of phytom edicine and microbi o l ogy. Pop u l a ti on mixing
a m ong regi ons wi ll increase s* but dec rease the differen ce in
x̄ * . Mi gra ti on of s pores appe a rs to be gre a ter, for instance ,
in  regi ons of Costa Rica than in those of Eu rope (Limpert et
a l .1 9 9 6 , Rom ero and Sut ton 1997, L i m pert 1999).

An o t h er important aim of pe s ti c i de re s e a rch is to esti-
m a te re s i s t a n ce ri s k . As a first approx i m a ti on , re s i s t a n ce ri s k
is assu m ed to correl a te wi t hs * . However, s* depends on ge-
n etic and other causes of va ri a bi l i ty. Thu s , determining its ge-
n etic part , s *G  , is a task worth undert a k i n g, because gen etic 
va ri a ti on has a major impact on futu re evo luti on (Limpert
1 9 9 9 ) . Several aspects of va rious bra n ches of s c i en ce are
expected to benefit from improved identification of com-
ponents of s*. In the study of plant physiology and perme-
ability noted above (Baur 1997), for example, determining
the ef fects of accel era tors and their share of va ri a bi l i ty wo u l d
be elucidative.

Si gmoid curves ba sed on log - n o rmal distri bu ti o n s .
Do s e – re s ponse rel a ti ons are essen tial for unders t a n d i n g
the con trol of pests and pathogens (Hors f a ll  1956). Equ a lly
i m portant are do s e – re s ponse curves that dem on s tra te the
ef fects of o t h er ch em i c a l s , su ch as horm ones or minera l s .
Typ i c a lly, su ch curves are sigm oid and show the cumu l a tive
acti on of the ch em i c a l . If p l o t ted against the loga rithm of
the ch emical do s e , the sigm oid is sym m etrical and corre-
s ponds to the cumu l a tive curve of the log - n ormal distri b-
uti on at loga rithmic scale (Figure 3b). The steepness of
the sigm oid curve is invers ely proporti onal to s*, and the
geom etric mean va lu e x̄ * equals the “ E D5 0,” the ch em i c a l
dose cre a ting 50% of the maximal ef fect . Con s i dering the
gen eral import a n ce of ch emical sen s i tivi ty, a wi de field of
f u rt h er app l i c a ti ons opens up in wh i ch  progress can be ex-
pected and in wh i ch re s e a rch ers may find the propo s ed
ch a racteri z a ti on x̄ * x/s* adva n t a geo u s .

No rmal or log - n o rm a l ?
Con s i dering the patterns of n ormal and log - n ormal distri b-
uti ons furt h er, as well as the con n ecti ons and disti n cti ons be-
t ween them (Ta bles 1, 3 ) , is useful for de s c ri bing and ex-
plaining ph en om ena rel a ting to frequ ency distri buti ons in life .
Some important aspects are discussed bel ow.

The ra n ge of l og - n o rmal va ri a bi l i t y. How far can s*
va lues ex tend beyond the ra n ge de s c ri bed , f rom 1.1 to 33? 
Tow a rd the high end of the scale of po s s i ble s* va lu e s , we fo u n d
one s* l a r ger than 150 for hail en er gy of clouds (Federer et al.
1 9 8 6 ,c a l c u l a ti ons by W. A .S ) . Va lues bel ow 1.2 may even be
com m on , and therefore of great interest in scien ce . How-
ever, su ch log - n ormal distri buti ons are difficult to disti n-
guish from normal on e s — s ee Figures 1 and 3—and thu s
u n til now have usu a lly been taken to be norm a l .

Because of the gen eral preferen ce for the normal distri b-
uti on , we were asked to find examples of data that fo ll owed
a normal distri buti on but did not match a log - n ormal dis-
tri buti on . In tere s ti n gly, ori ginal measu rem ents did not yi el d
a ny su ch ex a m p l e s . As noted earl i er, even the classic ex a m-
ple of the hei ght of wom en (Figure 1a; Sn edecor and Coch ra n
1989) fits both distri buti ons equ a lly well . The distri buti on can
be ch a racteri zed with 62.54 inches ± 2.38 and 62.48 inch e s
×/ 1.039, re s pectively. The examples that we found of n or-
m a lly — but not log - n orm a lly — d i s tri buted data con s i s ted
of d i f feren ce s , su m s , m e a n s , or other functi ons of ori gi n a l
m e a su rem en t s . These findings raise qu e s ti ons abo ut the ro l e
of s ym m etry in qu a n ti t a tive va ri a ti on in natu re .

Why the normal distri bu tion is so popu l a r. Re-
ga rdless of s t a ti s tical con s i dera ti on s ,t h ere are a nu m ber of re a-
s ons why the normal distri buti on is mu ch bet ter known than
the log - n orm a l . A major one appe a rs to be sym m etry, one of
the basic principles re a l i zed in natu re as well as in our cultu re
and thinking. Thu s , prob a bi l i ty distri buti ons based on sym-
m etry may have more inherent appeal than skewed on e s .
Two other re a s ons rel a te to simplicity. F i rs t , as Ai tch i s on and
Brown (1957, p. 2) stated ,“ Man has found ad d i ti on an eas-
i er opera ti on than mu l ti p l i c a ti on , and so it is not su rpri s i n g
that an ad d i tive law of errors was the first to be formu l a ted .”
Secon d , the establ i s h ed , concise de s c ri pti on of a normal sam-
p l e —x̄ ± s—is handy, well - k n own , and su f f i c i ent to repre s en t
the underlying distri buti on , wh i ch made it easier, u n til now,
to handle normal distri buti ons than to work with log - n orm a l
d i s tri buti on s . An o t h er re a s on rel a tes to the history of t h e
d i s tri buti on s : The normal distri buti on has been known and
a pp l i ed more than twi ce as long as its log - n ormal sister 
d i s tri buti on . F i n a lly, the very noti on of “n orm a l ” con ju re s
m ore po s i tive assoc i a ti ons for non s t a ti s ticians than does “l og -
n orm a l .” For all of these re a s on s , the normal or Gaussian
d i s tri buti on is far more familiar than the log - n ormal distri-
buti on is to most peop l e .

This preferen ce leads to two practical ways to make data
l ook normal even if t h ey are skewed .F i rs t ,s kewed distri bu-
ti ons produ ce large va lues that may appear to be out l i ers . It
is com m on practi ce to rej ect su ch ob s erva ti ons and con du ct
the analysis wi t h o ut them , t h ereby reducing the skewn e s s
but introducing bi a s . Secon d ,s kewed data are of ten gro u ped
toget h er, and their means—wh i ch are more norm a lly dis-
tri buted — a re used for furt h er analys e s .O f co u rs e , fo ll owi n g
that procedu re means that important fe a tu res of the data
m ay remain undiscovered .
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Why the log - n o rmal distri bu tion is usu a lly the
bet ter mod el for ori ginal data. As discussed above ,t h e
con n ecti on bet ween ad d i tive ef fects and the normal distri bu-
ti on para ll els that of mu l ti p l i c a tive ef fects and the log - n orm a l
d i s tri buti on . Ka pteyn (1903) noted long ago that if data from
on e - d i m en s i onal measu rem ents in natu re fit the normal dis-
tri buti on ,t wo- and three - d i m en s i onal re sults su ch as su rf ace s
and vo lumes cannot be sym m etri c . A nu m ber of ef fects that
point to the log - n ormal distri buti on as an appropri a te model
h ave been de s c ri bed in va rious papers (e.g. , Ai tch i s on and
Brown 1957, Koch 1966, 1 9 6 9 , Crow and Shimizu 1988). In-
tere s ti n gly, even in bi o l ogical sys tem a ti c s , wh i ch is the scien ce
of cl a s s i f i c a ti on , the nu m ber of ,s ay, s pecies per family was ex-
pected to fit log - n orm a l i ty (Koch 1966).

The most basic indicator of the import a n ce of the log -
n ormal distri buti on may be even more gen era l , h owever.
Cl e a rly, ch em i s try and physics are fundamental in life , and the
prevailing opera ti on in the laws of these disciplines is mu l ti-
p l i c a ti on . In ch em i s try, for instance , the vel oc i ty of a simple
re acti on depends on the produ ct of the con cen tra ti ons of t h e
m o l ecules invo lved . Equ i l i brium con d i ti ons likewise are gov-
ern ed by factors that act in a mu l ti p l i c a tive way. From this, a
m a j or con trast becomes obvi o u s : The re a s ons governing fre-
qu ency distri buti ons in natu re usu a lly favor the log - n orm a l ,
wh ereas people are in favor of the norm a l .

For small coef f i c i ents of va ri a ti on ,n ormal and log - n orm a l
d i s tri buti ons both fit well . For these cases, it is natu ral to
ch oose the distri buti on found appropri a te for rel a ted cases ex-
h i bi ting incre a s ed va ri a bi l i ty, wh i ch corre s ponds to the law
governing the re a s ons of va ri a bi l i ty. This wi ll most of ten be
the log - n orm a l .

Co n cl u s i o n
This arti cle shows , in a nut s h ell , the fundamental role of t h e
l og - n ormal distri buti on and provi des insights for gaining a
deeper com preh en s i on of that ro l e . Com p a red with establ i s h ed
m et h ods for de s c ri bing log - n ormal distri buti ons (Ta ble 3), t h e
propo s ed ch a racteri z a ti on by x̄ * and s* of fers several ad-
va n t a ge s ,s ome of wh i ch have been de s c ri bed before (Sa rt well
1 9 5 0 , Ah rens 1954, L i m pert 1993). Bo t h x̄ * and s* de s c ri be
the data direct ly at their ori ginal scale, t h ey are easy to calculate
and imagi n e , and they even all ow mental calculati on and es-
ti m a ti on . The propo s ed ch a racteri z a ti on does not appear to
h ave any major disadva n t a ge .

On the first page of t h eir boo k , Ai tch i s on and Brown
(1957) stated that, com p a red with its sister distri buti on s ,t h e
n ormal and the bi n om i a l , the log - n ormal distri buti on “h a s
rem a i n ed the Ci n derella of d i s tri buti on s , the interest of wri t-
ers in the learn ed journals being curi o u s ly sporadic and that
of the aut h ors of s t a ti s tical tex tbooks but faintly aro u s ed .”Th i s
is indeed tru e : De s p i te abu n d a n t ,i n c reasing evi den ce that log -
n ormal distri buti ons are wi de s pre ad in the phys i c a l , bi o l og-
i c a l , and social scien ce s , and in econ om i c s ,l og - n ormal knowl-
ed ge has rem a i n ed dispers ed . The qu e s ti on now is this: Ca n
we begin to bring the wealth of k n owl ed ge we have on nor-
mal and log - n ormal distri buti ons to the public? We feel that

doing so would lead to a gen eral preferen ce for the log -
n orm a l , or mu l ti p l i c a tive norm a l ,d i s tri buti on over the Gauss-
ian distri buti on wh en de s c ri bing ori ginal data.
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